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IMPLEMENTATION SCHEME FOR RECURSION
IN SPECTRAL DIMENSION

I. Introduction

One of major difficulties for thermal imaging processing is background suppression. Many
different approaches have been proposed over the past years ranging from spatial domain
analysis to frequency domain analysis. Recently consideration of coupling temporal correla-
tion with either spatial or spectral correlation is also investigated to combat the degradation
caused by poor signal to noise ratio or low concentrated clouds against background.

In [1,2], Warren and his colleagues proposed a mixed approach to process spatial images
in frequency domain by using a first order autoregressive time series to account for temporal
correlation. As a result, Warren developed a recursive algorithm for detectors to improve
detection performance of low constrast signal to background clutter ratio. Although Warren
also mentioned a possible approach by using a Kalman filter, he never discussed it. In this
report we adopt a Kalman filter approach to derive similar results to that obtained by using
an autoregressive model. This approach is more intuitive than Warren’s approach because
recursion is the nature of a Kalman filter.

It is known that Kalman fiter has a wide range of various applications. The most im-
portant feature Kalman filter possesses is recursion which can be implemented in real time
processing. Because of its nature of updating information as time goes along it is worthwhile
to consider Kalman filtering approach as opposed to Warren’s approach. The main idea of
Kalman filter is to introduce a new process, which is called innovation process, generated by
the observation model. The great advantages of using the innovation process is orthogonality.
The principle of orthogonality decorrelates observations obtained from different time frames.
In the case of a Gaussian process, the induced innovation process becomes an independent
process of time. As a consequence, if a thermal image detection problem can be transferred
to an equivalent detection problem in terms of innovation processes, using the independency
of the innovation process immediately will significantly reduce computational complexity
and tremendously simplify mathematical derivations. This is demonstrated by comparing

the Kalman filter approach to Warren’s work. The use of the innovation processes enables




us to develop a recursive detection algorithm. Since the state and observation models used
in Kalman filters are very general, the derived recursive algorithm will have more broader
applications than does Warren’s algorithm.

Both Warren’s and Kalman filtering approaches are developed based on a single spectral
band. However, in some practical cases, the target in one spectral band will have a large
contrast with high altitude clouds and no contrast with low clouds, while in a second spectral
band the target would have no contrast with high clouds but a large contrast with low-
altitude clouds. Therefore, using two spectral bands can ensure a good contrast for any
kind of cloud background. Because of advantages of using multiple bands the extension of
these two approaches to multiple spectral bands is investigated. While it is useful to process
multiple bands, there is an extra factor to be considered which is spectral correlation. In
general, the dimension required for a detector to use multiple hands will be 4 times of that
for a single band. To avoid computational load for real time processing two suboptimal
models are proposed which are characterized by separable spectral correlation and separable
spectral Markov spatial correlation respectively. These two model have been used in some
applications in adpative filtering [3,4].

This report is organized as follows. Section II reviews the signal model used in thermal
imaging processing and Section III is devoted to the target model. Both were developed by
Warren [1,2]. Section IV rederives Warren’s recursive detection algorithm which will serve
as a basis for extension to multiple spectral bands. Section V presents a new approach
to developing a similar recursive algorithm to Warren’s algorithm by using well-knowing
Kalman filter theory. Section VI is to extend results obtained in Sections IV and V to multiple
spectral bands, narticularly emphasizing two spectral bands. Section VII is a conclusion

section which suggests some directions for future investigation and study.




II. Signal Model

The signal model to be considered in this report is suggested by Warren [1]. In this section
we follow his approach and describe the derivation. .

The optical power collected on the thermal detector plane at pixel location x; = (z,, y:),
Pdl(x,-,tk) can be written as the convolution of the entrance pupil signal power P, (0, tx) and

system point spread function PSF:
Py(xits) = [ P.,(0,6)PSF(zi/ f — 0)d" + P (i, 1) 1)

Here Py(x;,t:) represents a time series of images labeled by index k and multiple spectral
bands labeled by index j and is a generalization of a single spectral filter and single time
expression:

Pyxi) = / P,(0)PSF(x:/f — 6)d6 + P.(x;)

where x; denotes the pixel location in the detector plane, f is the receiver effective focal
length.

The PSF models the combined effects of the thermal sensor on the spatial resolution
of the images which includes terms that model the optical components of the system, finite
detector size, and effects associated with scanning, electronics, and time response of the
detector. Although in general the PSF depends upon spectral band, for well-designed
systems operating in the 8-12 um band such as TICM-II, the image quality is relatively
uniform with wavelength. P, (x;,t;) is additive, zero-mean detector noise in spectral band
J, time k and is uncorellated with the signal. The entrance pupil signal power P, (6,:)

labeled by line-of-sight direction vector 8 is given by
P.,(0,4) = Arftreo [ {F,(N[BA(To) + 7a(N)eCH04)(By(Tp(0, 1) - BA(Te))]} (2)

in terms of the Planck function at temperature T and wavelength A:

2
B\(T) = ?-ilsi[e(hc/*m -
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Because both the detector noise P, and the clutter background temperature field T5(6)
are random variables, so is the detector power P, a1.d must be characterized statistically. Fo
the vapor cloud image enhancement/detection algorithm, only the first and second statistics
of P; are of interest. Denoting ensemble average by bar, the first-order statistic, mean can be
given either by E[Py (x;,)] or m, and the second order statistc, covariance matrix

Ap, ,(Xi tk, X;r,tw) given by

Apy |, (Xis bk, Xirs i) = E{[Py,(xi, t) = Pa)(xi, te)|[Pa, (X, ter) — Pa, (X, ter)] -

In order to evaluate these moments we assume that the clutter temperature field Tg(€,t;)

to be spatially wide-sense stationary, i.e., Tg(6,tr) = Tp and
TBk,k,(O,B') = E{[TB(g, tx) — TB][TB(Ol,tkI) — TB]}

These conditions mean that the background fluctuations are uniform over the image field.

Evaluating the mean of Py gives

Pix) = [P0, te)PSF(xi/ f - 0)d8 + Pa(x:) (3)
with
P, (0% = Arftrco [ {F;N[BA(To) + 7a(NeCH) (B(T500,18) - BrTe)]} (4)
By expanding Bx(T5(0,t:)) about Ty

Br(15(0,%)) = BA(Ts) + B ZgTB)

o1, + O(ot,)

where 0%_ is the constant variance of the temperature background field, and Bj is the
second derivative of the Planck function with respective T. Numerical evaluation of By, for
Tp =290°K at A\ = 10um shows that BY/By = 1.8 x 1074, so for a1, < 10°K there is less

than one percent error in approximating
Bi\(T5(9,t)) = Bx(Ts). (5)

10
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Since

E[P,,(8, 1) P ,(X;,1x)] = 0,
Ap, ,(Xirtei Xo, tr) = / {PSF(x:i/f = 0)A, ,(6,4; 0, 1)
PSF(xu/f —0)}d6%d6” + A,_,(6,,;6', tx) (6)
with

As (0,10 ) = {(ARQR€0)? [ Fj(A)Ej(N)Ta(A)Ta(N)el#CLE L) =pCL(E 1)l o
E{[BA(Ts(6,t+)) — Ts(0,t:)|[B\(Ts(0', ti)) ~ (8" k)] }dA2d N

By expanding By(Tg(f,tx) around Tg, i.e.,
Bi(Ts(8,t:))lr; = Tp + B\(Ts)(Ts(8, tx — T)
we obtain the following equalites:

E{[B:\(Tp(8,tx) — Tp(8,:)][B\(Ts(6', tw) — TB(6', tir)]}
= E{[B,\(TB)(T5(0,tx) — Te)|((BA\)(T6)(Ta(¢, te) — Th)]}
= B\(Ts)|E{[Ts(8, k) — Tp)|[(Ta(?, tw) — Tp))} B4 (T5) (7)

where B}(Tg) is the first derivative of the Planck function evaluated at Tg. If we denote
Ats, 5, = E{[T6(6,t:) — Tp)l(Ta(¥', ti) — Ts)]}-
Equation (7) can be rewritten as
\Ts)Ars, 5, B (T5) (8)

which is a factored form of spectral and spatial components.

By taking advantage of equation (8)
As”,(O,tMe’,tk’) = G;(0,te)ATg, 5, G;(0',tx) (9)

11




with o
Gy(6,t) = ArQreo [ F;(A)7a(X)B}(Tp)e " HOId),

Finally, the signal model is derived as follows.

(Pd-E(Pd))TAf,‘ (Py-£E(Py})
4 ]
7 (10)

1 (
€
\/QWN2ML| Ap,|

where the detector power has been expressed as a vector having components

pdf(Pg) =

(Pa)ije = Pa,(xi,tk)

and 7,1 <7 < N2, labels the detector plane pixel, 7,1 < j < L, labels the spectral band, and
k,1 < k < M, labels the frame time. The mean and covariance of P, are given by equations

(3) and (9) respectively.

12




ITI. Target Model

To construct a target model appropriate for image enhancement of vapor clouds against

clutter backgrounds we rewrite equation (2) as
P,,(6,tx) = Pa, + [Pp,J[e=CLO));
where
Py, = ArQne / F.(\)Bx(Tz)dA,

and
Ps, = ArQreo / Fi(A\)ra(M)ABxd),
with AB) = B\(Tg) — BA(T¢), and a vapor component defined as

_ JF(N)1a(A)[e=CEEHMIIA B dA
- [ F;(A)74(A)AB)dA '

[e=>xCLE)]

The above equation can be interpreted as a spectral average over the jth spectral band
of the transmission loss produced by the path-integrated concentration CL(6,1;) along the
line-of-sight @ at time ¢,. For narrow band optical filters, 74 and AB, are approximately

constant over the support of the bandpass function Fj;, giving
—_— 1
[e—p,\CL(O.tk)]j = E/Fj(k)[e—”*CL(a't*)]d/\
i

with AX; = [ Fj(A)d\ the effective bandpass width of the jth optical filter.

13




IV. Recursive Detection Algorithm Developed by Warren

The main result in Warren’s work is to present a recursive detection algorithm to process
thermal images in frequency domain. The idea is to model the background as a first order
autoregressive time series by which the detection of vapor clouds can be done recursively in
time frames. The approach is to use the Markov property provided by the autoregressive
model to decompose a test statistic into two parts, a test statistic obtained from the preceed-
ing time frame and observation generated at the present time. Because of Markov property,
the past information only depends on the time frame immediately before the current time
frame. Therefore, the latest test statistic already provides all the past information. By tak-
ing of this advantage Warren derived a recursive algorithm in time for real time processing.
In this section, Warren’s algorithm will be rederived. However, there is an alternative which
has a more general aspect than does Warren’s approach, that is Kalman filter approach

which will be investigated in detail in the next section.

Image Model

The image model used in Warren’s work is described by

Hy : Ii(x) = Bi(x) + Ni(x)
versus (11)

Hy: Li(x) = Ti(x) + Bi(x) + Ne(x)
where the background is modeled by a first order autoregressive time series

Bi(x) - B =)_G(z — 2')[Bk-1(x) — B] + ex(x), (12)

xl

and their corresponding correlation matrices are

Ap(x,X)ixr = E[[(Be(x) — B)(Bw(x) — B)] (13)

14




Ae(x,X )i = Elex(x)ews(x)]
= [Apw — G Q) Asre Q) G)(x, x)bir (14)
Ca(x =XV = E[(Ni(x) — N)(Ni(x) — N)] '
Ti(x) = AS(x —xr(k))
E[I.(x)|H)) = To=B+N
ElL(x)|H] = Tr=Ti(x)+ 1o
As mentioned in Warren’s work, because of correlations between different time frames-
the image model described above is not directly useful for developing detectors whose test
statistics take the form of ratio of one likelihood function to another likelihood function. In

order to circumvent the dilemma, Warren Fourier transferred samples in spatial domain to

frequency domain with which statitsical and computational advantages can be gained.

Algorithms Developed in Frequency Domain

a(n) = Tllk(x) ~ Tole~ >
S 1B (x) - Ble™
ne(u) = T[Ni(x) - Ne 2
te(u) = X:j[Tk(x)]e“”“"‘=Ae"’”“"‘S(u)

o
tod
—_~

=
N—

N

Based on the above discrete Fourier transforms, an equivalent test hypothesis problem

to that described by (11) is given as follows.

Hy: ar(u) = b(u) + ni(u)
versus (15)

H,: ak(u) = tk(u) + bk(u) + nk(u)

15




where we assume E[ai(u)|Hp] = 0 and E[ax(u)|H;] = ti(u). Under mild conditions, the

correlation matrix of ax(u) betwen a;/(u) is given by
Aa(u, W) = EIB ()b (0)] + Efnff (u)nes(u')]
where H is a Hermitian conjugation. which results in
Aa(u, )i = {E[b (w)bio(u")] + E[|ni(0)*}6xr 6% (u — u')] (16)

Since the backgorund is assumed to be a first order autoregressive model, the correspond-

ing discrete Fourier transforms (DFT) in frequency domain is given by

bi(u) = y(u)br_1(u) + Bi(u) (17)
where

y(u) = Y G(x)e~?* (18)

Blu) = Y e(x)e™?mux (19)

Let ®,(u) and ®,(u) be corresponding DFTs of Ay(x) and C,(x). Then

®y(u) = ZAb(x)e“”"‘"‘ (20)
¢, (u) = z:Cn(x)e""z’""x (21)
with
E[B(u)] = 0, (22)
E[Bi(u)Be(u’)] = o5(u)é*(u—u')br (23)
o5(u) = [1=|y(u)]®s(u). (24)

Combining the above equations yields, for k£ > &’

Aa(u)ier = {[y(w)]F y(u) + n(u)bik }orer(u). (25)

16




As mentioned in Warren’s work, under mild conditions the probability density function
ol the corresponding DFT is also a Gaussian distribution under the hypothesis H; and given

by

(a(M)|H;) = —Wi? lli M vxp{——[ Z 3 (ax(u)—[ax:(W)]))? A7 (u)ier[ar (u) —ag: (u)]]}
a kk"‘l u
where we define
ak|,-(u) = E[ak(u)|H,-]

ak:|,-(u) = E[ak:(u)lH,']

and Aa(M) is the autocovariance matrix of the random vector [ax(u), ar_1(u), - -, a;(u)).

By defining

a(k) = ar(u) = [ax(u),ax-1(u), -, ar(u))’

a(k+1) = arpi(u) = [aker(u),ax(u))?

we obtain
lla(M) — a(M2)|[} -+ (ar) = Z > (ak(u) = Tg(u)? AT (u)ew (aw(u) — app(u)).  (26)
kk'=1 U
Taking logorithm of ratio of p(a(M)|H,) to p(a(M)|Ho) yields the log likelihood ratio
test given by

LRqar)(A,x7) = log g%:_(%;_;.

The log likelihood ratio test LRgpm)(A,Xr) obtained from the above equation is the

(27)

desired detector to be used for thermal image detection. Unfortunately, the DFT of the
autocovariance matrix generated by a(k), Aa(k) becomes very large as time frames k are
accumulated. In particular, calculating the inverse of Aa(k) becomes extremely complicated.

One way to avoid this difficulty is to compute LRq(k)(A, X7) recursively until k reaches M.

17




In what follows, we follow Warren's approach to derive a recursive formula for updating

the log likelihood ratio test when time moves along.

Recursive Formula

First of all, we express the autocovariance matrix of a(k + 1)(u) at time k + 1 in terms

of that of a(k)(u) at time &,

_[40 DY 5
Aa(k+1) = [Qk Aa(k) (28)
where
No = q)b-f-q)n
D = &[", (), (7))
Qf+l = 7H[q’b,Qf]

In order to invert the matrix we use the following matrix identities in matrix algebra.

Assume that the matrix = has the following form:

__[aB
==|c p |

Then the inverse of = can be calculated as follows.

-1 _ | A"+ A'D(B-CA'D)'CA™' —A'D(B-CA™'D)!
-7 —(B-CA™D)"1CA™? (B-CA'D)™!
_ (A-DB™'C)™! —(A-DB"'C)'DB"! (29)
~ | =B"'C(A-DB"'C)! B '+B"'C(A-DB-'C)"'DB™' |’ -
Applying the above matrix identities (29) to Aa(k + 1) yields
- _ Aft ~A'YH
Ak 1) = [ YA AR+ YABSYE | 40
where
Ar = Aa- Qt’Yk (31)

18




Y: = Aa"M(k)Dx _4 (32)
Arer = 51 = [7[?) + @a(l + P) — [1[7@uld} @ (33)
YE | = 4H[1- 9,47, 9,45'YH) o (34)

Now if we define

a(kli) = Ela(k)|Hi]
a(k+1;i) = Ela(k+1)|H]

and substituting equation (30) into equation (26) yields
”a(k + 1) - a(k + lii)”igl(ﬂ.]) = ”a(k) - a(k'i)“i;l(k)
+|lak+1 = ak+1|¢|l2;la

and
|Aa(k + 1) = [Ak] {Aa(k)]-
Using
p(a(k +1)|H;) = pla+11Hi, a(k))p(a(k)|H) (35)
we derive the following conditional probability density function given that H;,a(k).

p(a(k + 1)[H:)

p(arn|Hi,a(k)) SOGIA (36)
WCXP{—%HGHI - &k+llk.i”2A:’} (37)
where
dksps = Terp + Y4 {a(k) - a(kf)} (38)
= @+ 77 {(1 - 22451 (ak(u) — a(k[i)}
+On A [akge-r,] — alk +117) (39)

Plugging equation (37) into (35) results in a desired recursive formula for log likelihood

ratio test LRa(k.H)(A,xT) in terms of LR.(k)(A,xT).

19




, 1 .
LRagk41)(A,x1) = LRap)(A,x1) - §llak+1u - ak+1|k.1||2;1
1 . 2
+§||Gk+1|o - ak+llk.0”A:l
Using equations (38-39) to interpret (15), we obtain

Qrp1)k0 = Y,f’a(k)

Grpaer = teer + Y1 (a(k) — t(k)).
Substituting equations (41-42) we further obtain

1
LRaksn)(Asx7) = LRaw(Ax1) = 5lltes = Y{t(k)|[4-
H[tker — YLK (A7 arsn — YHa(k))

Finally, if we define

ik+l|k = YHt(k)

= (1 - @aAI )l + @u A kgpa]
then a nice recursive form can be derived and given by

1 R
LRak+1)(A,x1) = LRa(k)(A,XT)—§||tk+1—tk+1|k||f;;l

Hltesr — Eeere (A Naksr — @ksapeo]

where

sk = 77 (1 — @uAF ) )ar + DAL (Gkpr-10)]

with initial conditions

LRa(O)(A,XT) =0, {IIO =0, cA11|o.i =0

20
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V. Recursive Detection Algorithm Using Kalman Filtering
Approach

The idea of using Kalman filter theory is obvious because of recursion. Unlike Warren’s
work, this approach can be used to model background of different types. Recall that the
background in Warren’s work was assumed to a first order autoregressive (AR) model. As a
result, Warren could use the Markov property induced by the AR model to derive a recursive
formula for detectors described by a sequential likelihood ratio test statistic. In what follows,
we will still adopt Warren’s model, instead, consider a different approach to derive a similar
recursive formula for detectors. The approach to be presented is to use Kalman filter theory.
The major advantage of using a Kalman filter over Warren’s approach is that the formula
to be derived can be extended to cover more general models to describe background.

The core of Kalman filter theory is to introduce a new process, innovation process sug-
gested by Kailath. Instead of directly dealing with the observation process, the innovation
process is generated by collecting and updating new information as time goes along. In other
words, given an observation process it is not necessary to store all information available up
to the processing time because some information will be useless and some will be repeat-
edly stored which wastes storage. A more efficieat way to manage information is to store
all necessary information only once and dump unnecessary or unwanted information. The
innovation process is developed based on this need. In general an observation process can be
decomposed into two processes, predicted process and unpredicted process. The predicted
process contains all previous information required for processing and the unpredicted process
presents new information available at the processing time but not contained in the predicted
process. Such unpredicted process resulting from the observation process is generally referred
to as an innovation process.

In Kalman filter theory two models need to be specified which are a State Model
described by a state or process equation and an Observation Model described by a mea-

surement equation. In order to apply Kalman filter theory we interpret the image model

21




used in Warren’s work as follows.
Let the background bi(u) be a state model chracterized by the state equation or process

equation under hypothesis H; given by
be(u) = y(u)be-1(u) + Bi(u) (47)
and the observation model a;;(u) depicted by measurement equation given by
agi(u) = sgji(u) + be(u) + ne(u) (48)

where sgo(u) = 0 for Hy, no target present and sy (u) = ty(u) for H,, target present .
Since the derivation for a recursive Kalman filter under hypothesis H,; is exactly the same
as hypothesis Hy, we only consider the case for Hy to simplify notations.
Because there are two models involved we define two innovation process, the unpredicted
observation process ax(u) derived from the measurement equation and the predicted state
error process €4+ x(u) derived from the state equation with their associated correlation

matrices given by

ar(u) = ay(u) - dgpo(u)

ekk-1(1) = be(u) — by (u)

®o1(u) = Elar(u)af (u))] 3 Agi(x)e™ 0%

X
Z Ac.lc,k—l (x)e-27rux
X

O kk-1(u) = Elesi—r(u)ef,_;(u)]

where the notation H is a Hermitian tranfomation, A, x(x) and A x-1(x) are correlation

matrices of ax(x) and € x—1(Xx) obtained in the spatial domain time k, k — 1 respectively.
As we can see from above, the innovation process a(u) is the new information available

which is contained in the process ax(u) observed at time k but not in axx—1(u) where is the

predicted process obtained from the past information up to time k — 1. Similarly, €x x—;(u)
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is the innovation process represents the new information provided by the state model b(u)
observed at time k£ and is obtained by substracting the predicted process i)klk_l(u) from
bi(u) so that the predicted information from bi(u) up to time k —  can be removed. One
of most important features that innovation processes possess is that they are white, i.e.,
independent processes. The property of independency makes problems extremely easy to
deal with. The observation of such independency is intuitive. Since an innovation process
contains unpredicted new information obtained at different time frames, the information
obtained at a certain time frame must be independent of other time frames due to the

nature of unpredictability. The relationship between these two innovation processes can be

demonstrated by the following equation.

ar(u) = bi(u) + ne(u) — b1 ()
= € x-1(u) + ni(u)
and
Oor(u) = Elerp-1(u)efi_(u)] + Pa(u)
= Qc,lt:,k—l(u)‘+‘q)n(u)

Suppose that we fix time k and consider an estimate of b(u) at time I, i)l|k(u) based on
the information available up to time k. As we mentioned previously, the innovation process
a;(u) provides new information at time frame j. It is obvious that i),,k(u) can be expressed

in terms of a linear combination of a;j(u)s from j =1 to k .

by(u) = ijlp,,ja,(u). (49)
In order to determine the coefficients D,'JJ-,_we use the orthogonality principle which gives
Elex(w)ag (u)] = E[(bi(u) = be(w)ayi(u)] = 0;  m =1,2,--k,
and results in
E((bi(u)ay(w)] = Efby(u)ay(u)]
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k
E[{Z_: Dy jo;(u)}ali(u)]

= Dl,mtba,m(u).
D, ,, can be therefore solved by
Dy = Elbi(u)ag (w)];7 (u).

Plugging the solved D, ; into equation (49) yields

k
bye(u) = Y _{Elbi(u)ad (u)]@7%(u)}a;(u).

j=1

Now if welet =k +1,
X k
bepe(u) = Y {Elbesi(u)e ()@} (u)}aj(u)
=1
k-1
= Y _{E[bri(u)af (u)]}07) (u)e;(u) + Elbis(u)af (u)]@] ) (u)ak(u)
1=1

= 'i:éE[{v(u)bk(u) + Bi(u)}of ()07} (w)ay(u)
:E[{v(U)bk(U) + Br(u) ol ()] @7} (u)ax(u)
= AW Blbw)al (]0z} (w)o,]
+7(U)J{—;‘7[bk(0)af (W)@ (u)ak(u)}
= y(u)bue-1(u) + V(W) {Efb(v)af (u)]@7 k (u)ak(n)}
= y(u)bu-1(u) + Gi(u)ax(n)
where Gy (u) is called the Kalman gain given by
Gi(u) = (u){Eb(u)af (u)]74(u)}
= y(W{Eb(u)(be(u) ~ by-1() + nx(w))]@7} ()}
= () {Ebx(u)(err-1(u) + ne(u))¥]@; (u)}.

24




Since E[i)k|k_1(u)eﬁk_l(u)] = 0, we can add it to the above equatian and obtain

G(u) = () {E[(be(u) = bee-r(w))(efs-1 (1)))97 % (u))} ~ (50)
= Y(){Elecs-r(0)ers 1 (w))075(u)} (51)
= Y(u)®ekr-1(u)®; % (u). (52)

As shown in equation (52), the formula for Gx(u) is not very useful because calculating the
Kalman gain G} requires to compute ®, 4 x_,(u) which is still unknown. In order to overcome
this difficulty, we derive a recursive formula for @, s x-1(u).

Consider the predicted state error at time frame k + 1, €., 4(u),

eks16(0) = brr(u) = bepae(u)
¥(u)br(u) + Br(u) = Y(w)bik-1(u) — Ge(u)ax(u)
= y(u)[be{u) = b1 (w)] — Ge(w)ox(u) + Bi(u)
¥(){be(u) = Bk ()] — Gi(u)ar(u) = aupe—r(u)] + Br(u)
= y(u)[be(u) = bep—1(w)] — Gi(u)[(br(u) + nx(u)) = byge—r ()] + Bi(u)
= v(u)[exk-1(u)] = Ge(u)exk-1(u) = Ge(u)ni(u) + Bi(u)
= [v(u) = Gi(u)]exr-1(u) — Gi(u)ni(u) + Bi(u).

This implies that
Pekr1h(u) = E[€k+1.k(u)ff+1,k(u)]

= [v(u) - Gi(u)]®ckh-1(u)[y(u) — Gi(u)]?
+E[Bi(u)B{ (u)] + Gi(u)®n(u)GY (u).

where E[Bi(u)8F (u)] = [1 — |7(u)|*]®s(u). If we expand the above equation, we obtain the

called Riccati difference equation,

Dorrrh(u) = 7(u)®sr(u)y(u) + E[Be(u)Bi(u)¥]
= ()@ ri(u)y?(u) +[1 = [7(u)]*]®s(u)
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where we denote &, ; ,(u) by

D kx(u) = Per-1(u) — [Y(W)] 7' Gr(u) Pk k-1(u) (53)

In order to make the derived recursive formulas work, we impose the following initial

conditions

bip(u) = 0
®10(u) = Elbi(u)by(u)] = ®s(u)

After deriving the desired recursive equations for our irnage model, we are ready to apply
them to the problem addressed in Warren’s work.

As mentioned previously, the importance of using innovation processes is the indepen-
dency. In what follows we transform original processes considered in the image model to
innovation processes and reformulate an equivalent hypothesis testing problem in terms of
these innovation process a,(u) and € 4_;(u). As a result, the equivalent hypothesis testing

problem can be described as follows.

Ho : ak(u) = ak(u) - &kik—-l(u)
Versus (54)

Hy: oap(u) = ti(u) + ax(u) — agp-1(u)
where a,(u) is a white Gaussian process. The reason for ai(u) being a white Gaussian
process is that ai(u) is independent and is a process resulting from a Gaussian process ax(u)
from which the predicted estimate agx-1(u) is subtracted which is also a linear combination
of Gaussian processes.
The resulting log likelihood ratio test for this hypothesis testing problem is given by

[~ Hl
LR,)(A, X1) = log [ggz(k)l )]

(k)| Ho)

where

a(k) = [a(u), -+, ax(u))

26




Since a;(u)s are independent, the log likelihood ratio test can be further expressed by

a(B)lH), _ &  play(ulHy)

= lo J lp o
Ml (XD = 108 [ atiiEe) ~ 25 las (alo) - ™
= {Z! —J%f,%}+aJ(uIHo)¢;3<u|Ho)a§’<u|Ho>
—aJ(u|H1)<I> L(ul ) (ulHy) (56)
ulH,)
- —{Zl 21 ¢ ol 2 e
——||aj(u|H1 ”¢;}J(u|Hl) (37)

q)a,k(ulHl)]}
P, «(u|Ho)

1 o
5 {1k ()3 2ty = (@I B3 o ) (58)

1
= LRy-1)(A, XT) + 5{109 [

where

o (WIH s i = 05 (ulHI®Z 5 ul Hi)al (] H,).

The last two equations (equations (57-58)) can be regarded as two parts. The first part is
the likelihood ratio test obtained at time k —1 which is known at time k and the second part
consisting of two terms which is made of new information obtained at time frame k under two
hypotheses. The former represents previous and predicted information; the latter updates
new information as time elapses. This fact is also demonstrated in equation (40) derived by
Warren where axt1)1 — dgy1jx1 and ak+1j0 — @k41jk,0 TEPresent innovation processes generated
by the observation processes a0 and i1 under hypothesis Hp and H, respectively. The
computation of the innovation process a; and DFTs of its correlation matrix can be also

recursively calculated by equations summaried as follows.

ar(u) = ax(u) — agp-1(u)
€kk-1(u) = bk(“)“i)k“:-](ll)
S,k(u) = Elax(u | = Zx: - 2mux
bppi-1(u) = Elecs-1(u)ef,_;(u)] EZ hkor(x)e=2rux

X
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Por(u) = Pcrp-1(u)+ @,(u)

Gi(u) = ()@ ki-1(u)®;}(u)

berak(w) = ¥(w)bik-1(u) + Gi(u)a(u)
Soirri(w) = (W) eir(w)r? (1) +[1 - |y(u)[*]®y(u)

Cepr(u) = Pepp-r(u) = [Y(u)]) T Gr(u) Pk k-1 (u)
with initial conditions given by

bio(u) = 0; LRyo =0 (59)
®.10(u) = E[bi(u)bf (u)] = By(u) (60)
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VI. Recursive Detection Algorithms for Multiple Spectral Bands

In order to extend Warren’s algorithm to cover multiple spectral bands, we consider the

two-spectral-band case. The extension to multiple bands can be done straightforwardly.

Two Spectral Bands

Let x and y be two sample random vectors producing spatial images and a,(u) and a;(v)
are corresponding DFT's respectively where we use u, v to distinguish two different spectral
vectors. In general the pair of random vectors (X,y) is correlated, so is the pair (u.v). Let
ax(u,v) be the joint DFT of I(x,y) obtained based on the spatial image jointly generated

by (x,y) in spatial domain. Then

V) = ¥ X lulx,y) = Tofemrs e,
x y

where the notation dot ”-” denotes the inner product of two vectors.

Similarly, we can also define

bk(u, V) = z Z[Bk(x, y) — F]e—i%r(u.v)-(x,y)
x y
Z Z[Nk(x, y) _ me-mr(u,v)-(x,y)

ti(u,v) = ZE[Tk (x,y))e 2 uVIXY) = fe=2m(uV)I(XYIg(y v)

i

nk(u, V)

Extension of Warren’s Recursive Algorithm

Following the same notations in Warren’s work, we denote the covariance matrix of
[Ik(x,y)] at time frame k by ®,(x,y): and the DFT of ®,(x,y): by ®,(u, v)i and related
by

D, (u,v)p = E{{I(x,y) = To)[(Ii(x',y’) — To))H]}e-2r@vIxy)  (61)

)Y
X ¥y
D3 Aa(x,y e 2O, (62)
x Yy
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Similarly we can define

which yield

q)b(uvv)k = ZZAb(xvy)e—n’r(u'V).(x'y)
X Yy

Xy
O,(u,v)y = Pp(u,v)r+P,(u,v)r under Hy; (63)
O, (u,v)y = ti(u,v)+ ®y(u,v)i + Pp(u,v)y under H,. (64)

Moreover, the background and noise are assume to be statistically wide-sense homoge-

neous spatially and stationary temporally. So, the DFTs &4(u, v); and ®,(u, v)s at time &

can be actually computed by ®(u,v); and I'(u,v).

If we denote ®(u, v); by ®,(u,v) and [a(u, v),ax_1(u, V), -, a;(u,v)] by ag(u,v), War-

ren’s recursive equations can be extended to cover two spectral bands as follows.

Ao(u, V)
(u,v)
Di(u,v)
Aa(k+1)
Ag(u,Vv)
Yi(u,v)
A7k +1)

Ak+l(us V)

Y;-H(ua V)

Oy(u,v) + ®p(u,v)

[ yi(u,v) m2(u,v) |
| Ya1(u, V) y22(u,v) |
Oy (u, v)[T™(u, v), (T*)*(u,v), -, (T*)"(u,v)]
[ y(u,v) Di(u,v) ]
| Di(u,v)  Aa(k) |
Bo(u,v) = Di(u,v)Yi(u,v)

Aa~'(k)Dy(u,v)
A7 (u, v) -A: (u,v)Yi(u,v)
~Yi(u,v)A7 (u,v) Aa7'(k)(u,v) + Yi(u,v)A7 (u,v)Yi(u,v)
®y(u, v)(1 - h(u,v)!’) + @, (u, v)(1 + [y(u,v) )

—ly(u, v)[}®,(u,v)A: (u, v)®P,(u, V)

77 (u, V)[L = @a(u, v)AT (U, v), Balu, V)AT (1, v) Yi(u, V)]
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It should be noted that the dimension of the matrix ®,(u,v) is 2N x 2N whereas that

of ®4(u)is N x N.

Extension of Recursive Algorithm Using A Kalman Filter

One of nicest features of Kalman filtering approach is that the dimensionality of the state
and observation models are arbitrary and can be any finite dimensions as long as they are
appropriately aligned. This property makes an extension of the results for a single spectral
band very easy and straightforward to multiple spectral bands. As assumed earlier, let (x,y)
be two joint random vectors which generates spatial images in spatial domain and let (u, v)
be the corresponding two spectral vectors used to describe their DFTs. The results for a
single band can be easily extended as follows.

The desired two-spectral band log likelihood ratio test can be derived straightforwardly

in terms of DFTs by using the same treatment done in Section V. Namely,

(44

k)[H,)

LR.(A, X7) = log [BL8L 65
a(k)(A, X7) = log [P(Ol(k)lHo)] (65)
where
a(k) = [al(u,V),' T ,Qk(u,V)],
and

k— p(a(k)|Hy) k [p(a]—(u.v|H1)

LR, (A, XT) = log lo (66)
® i ripla k)lHo)] ,; & Lot (u, vIHo)
_ 1 k a,] U V|H1
= 3 ; oa(u Y ] (u,v|Ho)®;(u,v|Ho)a] (u,v|H,)
—aJ- u,v|H;)o, aJ (u,viHy)a (u v|H;) (67)
aj(u, viHy)
= {Zl W—l-] + “Qj(uaVIHO)”;;'J(u,Vwo)
-IIC':(U,VIHx [FE= " (68)
2 uviHy)

&, k(u,viH,)
®,(u, v|Ho)

o
= LRage-(A X1) + 3 {log | l

1
+§{”0’k(ua VlHO)”:;'lj(u,vmo) — ||ax(u, VIHI)”;;.’](UIVW,)} (69)
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where

llaj(u, v|H;) Hq,_‘ wwia,) = @5(a, vIH)® (v, v\H) (u v\H

and all the necessary recursive equations are summarized as follows.

o (u,v)
€xk-1(u,v)
®,1(u,v)

S kr-1(u,v)
¢, x(u,v)
Gi(u,v)
i)kﬂlk(u,v)
P kr1klu,v)

(pc,k,k(u’ V)

ak(u,V) - &klk—l(uav)
bi(u, V) = bg1(u, v)

Elar(u,v)af (u,v)] =Y

X

Aa k e—?rruxe—:’xvy

—-2rux —27v
Z €,k k- 1 X, y € y
Yy

N
*M ]

Elexs—1(u,v)el i (u,v)]
D,k k_1(u,v) + &n(u,v)
(U, V)& k k-1 (u, V)& L (u, v)

v(u, V)bie_1(u, v) + Gi(u, v)ax(u, v)

(0, V)@ pea(, vy (u, v) + (L = fr(u, v) P @e(u, v)

s r—r(u,v) = [y(u,v)]'Gi(u, V)P x k-1(u, V)

with initial conditions given by

bio(u,v) = 0; LRoofA,Xr)=0

¢, 10(u,v) = E[b(u, v)b¥ (u,v)] = &4(u,v)

Separable Spectral Correlation

As we can see from the recursive equations derived for two-spectral band in both ap-
proaches, it is very difficult to calculate correlation matrices for the background and noise,
particularly, their inverses because the dimensionality increases by 4 and correlations between
spatial images in two spectral bands must be taken into account. One way to reduce compu-
tational complexity is to assume that all the power spectra obtained from different spectral

bands are separable. In other words, under this circumstance, the observation process is
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spectral-wise (not sample-wise) correlated. Namely, if we let [a(u, V)] = [a;(u), a;(V)] and
only correlations between sample images @,(u) from one spectral band and sample images
a1(v) from the other will be considered. By doing so the power spectrum of the observation

process [a;(u),a;(Vv)], ®,(u, v)i can be much simplified and given by

Elai(u)(ak(u))?] Elar(u)(ar(v))7]

20V = | Elagv)(an(u))] Elan(v)laev))*] | (70
where
Elai(u)(ax(u))¥] = ZZAa(x)Ab(x/)e—i21rU-xei21.-v.x'
x vy
E[ak(u)(ak(v))H] = ZZAa(X)Ab(y)e—ﬂﬂu-xei’hv.y
x y
E[ak(v)(ak(u))H] = ZZAa(y)Ab(x)e—ii’ru-yeﬂnv-x
y x
Ela(v)(ax(v))] = 3 Aa(y)As(y')e 0¥ eV Y
Y y
Therefore,

(V) = 2D As(x)As(y)eT XY
vy

o,(u,v) = zzCn(X)Cn(y)e—i%u-xe—ihv.y
x Yy

If we denote ®,(u, v) by ®,(u, v) and [ax(u),ar(V), ax-1{u), ax-1(v), - -,a1(u),a;(v)] by

ax(u,v), then

Ap(u,v) = dy(u,v)+ ¢,(u,v)
_ [~w) o
F(U,V) = . 0 ’7(V) :l
Dk(U,V) = @b(u,v)[F‘(u,v),(I‘z)'(u,v),»- "(Fk)-(uvv)]

] [ Sy(u,v) Di(u,v)
Aak+1) = | b (u,v) Au(k) ]

Ar(u,v) = ADo(u,v)— Di(u,v)Yi(u,v)

Yi(u,v) = Aa~'(k)Di(u,v)
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Araa(w,v) = 4w, v)(1 = (0, v)P) + @a(, v)(1 + r(u,v)P)
—y(u,v)[f®,(u,v)AL (u,v)®,(u,v)
Yi(u,v) = 7 (u,v)[l - ®,(u,v)A7 (u,v), @, (u,v)A  (u,v)Yi(u,v)]

Separable Spectral and Markov Spatial Correlation

Thus far, all derivations given above assume that DFTs of spatial images obtained from
each band are spatially correlated. In multiple-band case correlations exist not only between
spatial sample images but also between time frames. In the section of separable spectral
correlation we considered the case that sample images are spatially correlated in each band
and temporally blockwise correlated. In this section we can further reduce complexity by
assuming that the spatial correlation has Markov property. Since the processes x and y
considered in the image model are generally Gaussian, these observation processes can be
further described by Gaussian-Markov processes. One of most important properties of a
Gaussian-Markov process is that its covariance matrix can be characterized by powers of a
constant with abosulte value less than 1.

More precisely, let the covariance matrix of the random vector x be A(x), then the entry
in the position (j,!) of A(x) can be expressed by p!~!I for some constant |p| < 1. Applying

this property to the covariance matrix of the background By(x), Ag(x)s yields

Ap(x)k = [pF o5,

- : . : . -
where pllj | describes the horizontal spatial correlation between z,,, and z,, and p|2m "l

indicates the vertical spatial correlation between z;,, and Tjn.
Furthermore, using the property of spectral separability we can derive the correlation

matrix of two sample images which generate power spectra in two different bands as follows.

As(x,y)k = [V o5 ol o} ), (71)
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where p;,0, and p,,0, are horizontal and vertical spatial correlations of images x and y
respectively. Substituting equation (71) for Ag(x,y)s in the recursive equations derived for

separable spectral correlation will yield a set of similar necessarv recursive formulas.
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VII. Conclusion

The main theme in this report is to present an alternative to develop a new recursive al-
gorithm for thermal image detection and extend Warren’s and new algorithms from a single
spectral band to multiple spectral bands. The idea to derive the new algorithm is Kalman
filter theory. This approach is more intuitive than Warren’s formulation. A complete math-
ematical derivation is given. There are some future directions needed to be investigated.
(1) Adaptive techniques should be considered to improve effectiveness of suppressing back-
ground clutter. (2) In practical situations the probability laws governing the background
clutter are generally not informed. We must estimate them by virtue of sample images. For
instance, for Gaussian processes the mean and variance matrices must be estimated before
applying recursive algorithms. (3) For real time implementation, computer simulation for
results generated by this report needs to be done for synthetic images. (4) Development
of systolic architectures for implementing thermal image detectors for paralle] processing is
needed 1o speed up computational rates. Finally, (5) An unconventional approach, neural
network should be investigated to increase the capability of thermal image detectors to adapt

the various environments.
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